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A No te on Polyn omi a l Matri x Func tions

ov er a F i n it e F i e l d

by J.V. Brawley *

1 . Let F = G F ( q ) deno te the f i n i te f ield of o rder  q ,  and let

J: denote the ring of nxn matrices over F. Consider an element

A ( x )  ~ F~~[x1 ; i.e.,

( 1 ) A(x) = A
N
xN + AN l xN~~ + ...A 1x + A0

where A 1 F~ . This polynomial defines via substitution several

functions from Fn to F . Two such func t ions ar e

( 2 ) B -

~ 
Ar

(B) = ANB
N + AN 1 BN 1  

÷ • + A~ B + A0

and

(3)  B -, AL (B) = BN A N 
+ BN 1 AN 1  

+ . . . + BA 1 
+ A 0

We ca l l  ( 2 ) and ( 3) ,  respectively, the right and left polynomial

func t ion s de termined by A ( x )  wi th the terms ri ght and lef t indicat ing

the side on which the substituting variable is placed.

*Suppor ted in part by ONR contract N000l4-76-C-0l30.
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fle f i n it ion . A func t ion A : F n 
-

~ 
Fn is called a ri ght

respectively left ) polynomial function if there exists a

polynomial A(x) c F0 [x ]  wh ic h re p r esen ts A v ia  the r ight

sub situt ion ( 2 )  (respectively(3)).

In this note we obtain unique representations for and

determine the number of rig h t ( le f t ) polynomia l fun ct ions

A : F ~ F0. Proofs  w i ll be given for the righ t fun cti ons which

L an he obviously modified for the left polynomial functions.

2. Recall that

n i
(4) L (x) = f l ( X ~ - x )n i=1

i s  the monic polynomial of least degree in F [x] satisfied by

every 13 c F~~; indeed ,L0(x )  is the leas t common mul t iple of a l l

de gree n polynomials in Fix ] [See , 2 J . We define (S by

(5) 6 = deg L0
(x)  = qn + qn l  ÷ ÷ q.

N
THEOREM 1. Let Z(x) = E Z.x’ be a polynomial  in F0[x ]

i=0 1 
Nwi th degZ(x) = N < 5. If Zr (B) = ZNB + . . . + Z1B + Z 0 = 0 for

every B c F~~, then = 0 , i = 0, 1, 2 ,... ,N.

Proof .  Le t f ( x )  = ~~~~~~~~~~~~ .. . -a~ x-a 0 be an arbi trary

polynomia l  of degree n in F [ x ] ,  and le t C c F~ deno te the companion

ma trix of f(x). Dividing Z(x) by f(x) we obtain

( 6) Z ( x )  = Q ( x )  f (x)  + R ( x )
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wher e Q (x) and R (x) are in F [x] with

( 7 )  R (x) = R 1x~~
1 

+ . . .+ R1x 
+ R 0

Since f(x) is a scalar pol ynomial we may substitute an arbitrary

matrix B into (6) to get Zr (B) Q
r

( B ) f ( B )  + R
r (B)• In par ticular ,

f o r  ev e r y  non s i ngu l ar P e GL(n ,q) it fo l lows from the H ami l ton-

Cayley theorem that

0 = Z
~~

(PCP
~~

) = Rr (P CP 1)

Thu s  (R (P CP 1) ) P  = 0 or

(8 )  R 1PC~~
1 

+ R~~ 2PC~~’ + . • . + R~PC + R0P = 0

for  ev ery P c G L ( n ,q ) .

Now i t  is  known [1] t h a t  each m a t r i x  X ~ F0 can be written

as a l i n e ar comb ina ti on of n ons in gu l a r  ma tr ices P 1 ; i.e.,

X = C
1P1 + c 2 P 2 + . . .+ c

~
P
~ 

c~ ~ F.

If follows from (8) that

(9 ) R~~ 1XC~~ ’ + R0 2 XC~~ ’ + . . . + R1XC + R0X = 0

fo r  every X £ F~ . In par t i cu l a r , if we take X Em where Em
has a I in posi t ion (m ,l )  and zeros e lsewhere  we f ind through

actual computation that equation (9) reduces to
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• ( 0 )  
r (1) r In  - 1 )T lm I m  I m

(0) (1) (n— i )
2m . . . r-,

= 1)

( 0 )  ( 1 )  ( n - i )m m m m

w h e r e  R k 
= (r ~~~~) .  Thus  c o l u m n  m of R

k 
i s  :ero fo r  k = 0 , 1 , . . . ,  n - I

and m = 1 , 2 , . . ., n ;  i . e . ,  R k = 0 f or  k = 0, l , . . . , n - l .  I t  f o l l o w s

from (6) t h a t  f ( x )  d i v i d e s  2 ( x )  f o r  e v e r y  m o n i c  of d eg r e e  n ;  hence

L~~( x )  d i v i d e s  :(~~) .  But deg 2 ( x )  deg L0( x )  so x )  m u s t  he t h e

:ero polynomial ; i.e., every Z 1 = 0 and t h e  pr oof  i s  comp l e t e .

As a corollary to Theu we have the foIlm ~in g :

Th EOREM 2. Each ri ght pol ynomial function \ F can

he represented uni quely by a ~oIyno m ia i A( x) F
0 1 x 1  ot de~~~ee~

and each such polynomial represents a !Jj~ht I ~~9~I~t± function.

The n u m b e r  of ri ght polynomial functions is there fore ~~

Proof. If A 1 (x) and A 2 (x) have degree S and each represent

the ri ght polynomial function A then A 1 (x) 
- .\

2 (x) represent s the

zero function ; hence by Theorem 1 , A 1 (x) 
= A

2
(x ) .

}:inally let A be a rig ht polynomial function and let A (x)
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represent A. By di vision

A ( x )  = Q ( x ) L ( x )  + R(x)

~here R(x ) has degree < 6 .  Clearl y, R(x) represents A.
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, I ’ O N SO R I N G  1.11  l I A R .  A C  ‘~~ V~~ i ’ ,

“ Let F = GF(q) denote the finite field of order q, and let F0
denote the ring of n x n matrices over F. Each matrix polynomial

A (x) = ANx
N + ... + A1x +A0 in F0[xJ defines via substitution several

functions from F to F .  Two such functions , called respectively,

the right and left polynomial functions determined by A(x) are

B “-A (S) = ANB
0 

+ ... + A1B + A 0

B
~~

AL(B) = B0AN + ... + BA1 + A0

A function A :F0 
-~ F0 is called a rig

ht (left) polynomial function if

there exists A (x) £ F
0 LX] which represents 

A via the right (left)

substitution B +A r (B) (B~
IA L (B)).

” .
~ 
This paper obtains a unique repre-

sentation for and determines the number of right (left) polynomial

functior~~A:F0 
- -‘ F .
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